The observation ( [9, Exercise 3.4.4(b) , p. 52]) that if and only if F is holomorphic and \F\ P has an ^-harmonic majorant in U n , leads to a definition of Hardy spaces for -arbitrary product domains; the requirement now being that F be holomorphic and \F\ P have an w-harmonic majorant in the polydomain in question.
The symbol 34f p can thus be regarded as a presheaf on the polydomains in C\ In this paper we concern ourselves with the sheaf induced by 3$f p on the closure of a polydomain, and prove, under certain topological restrictions, that the corresponding cohomology groups are trivial.
Specifically, let W = W 1 x W 2 x x W n be a bounded polydomain in C n , and suppose each W t is bounded 'by finitely many disjoint Jordan curves. The correspondence that assigns to each relatively open product domain V in W (the closure of W) the linear space £έ? p (Vΐ\W) , defines a sheaf £% over W. This sheaf is locally determined, i.e., Γ(W, Jg*w) is canonically isomorphic to £ίf p (yV) . Our goal is to prove, for any such W, for 0 < p < oo, and for all integers q ^ 1, that the cohomology groups H g (W, ^w) are trivial.
In [8] A. Nagel proved similar results for a wide class of sheaves of holomorphic functions satisfying boundary conditions in polydomains. Although NageΓs methods can be applied to the sheaves Stw when 1 < p < oo, the cases 0 < p ^ 1 present difficulties. Instead, as in the earlier papers [12] , [13] , we follow the approach 480 SERGIO E. ZARANTONELLO of E. L. Stout in [11] . In this respect Theorem 3.3, which is central to our study, is the analogue of Lemma 1.2 of [11] .
The crux of our work is Theorem 3.3 (the Decomposition Theorem); the proof, together with the necessary groundwork, appears in § III which is essentially self-contained.
The basic definitions are listed in § II. In § IV we consider the Cech cohomology with coefficients in Sίfw, and prove our main result, Theorem 4.9.
We mention in closing that although most of our results are proven for the case n > 1, they are also verified if n = 1 (the modifications in the proofs required for this case are always straightforward). Possessing an ^-harmonic majorant in a Jordan polydomain is a local property (see also [5] If T7and Fare Jordan polydomains in C n , with correspondingly conformally equivalent coordinate domains, the sheaves έ%fw and £07 are isomorphic; consequently, the cohomology groups of V and W with coefficients in ^ψ and £έfw, respectively, are isomorphic.
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This follows from the invariance of the ^^-spaces under w-conformal transformations, and the well known fact that a conformal equivalence between Jordan domains extends to a homeomorphism between their closures.
Ill* A decomposition theorem* In what follows, U will be the open unit disc {zed \z\ < 1} and T its boundary, the unit circle. The cartesian product of n copies of U will be denoted by U n . Similarly, T n will be the cartesian product of n copies of T. We will denote the normalized Haar measure on T n by m n (by m in the particular case n = 1); the corresponding ,5^-spaces will be indicated bγ £f p (T n ), and the .SP'-norm by || |U P(Γ *,. The extended complex plane will be denoted by S 2 . Let F be a holomorphic function in U n and let 0 < r < 1. We denote by F r the function defined on T* by the equation The space of test functions on T will be represented by t he space of distributions on Γ by ^(Γ), and the bilinear pairing between fee^°°(T) and fe^ (T) by Let Z be the set of integers. For each j e Z and w e T, we define e ό (w) = w 3 ' .
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The Fourier coefficients of fe£&(T) are the numbers where j ranges over Z. Given Fz£if v (lJ), 0<p< oo, there exists a unique such that the Fourier coefficients /(i), with j ^ 0, are the Taylor coefficients of F, and such that f(j) = 0 whenever i < 0. This can be derived, for example, from [3, Th. 6.4, p. 98 The first part of the next lemma states that the Toeplitz operators induced by the functions in ^°°(T) extend or restrict to bounded operators on J%* p ( U) for 0 < p < oo. This was proven in an earlier paper ([14, Th. 3.2] ). A straightforward modification of the proof yields part (2) . LEMMA 3.2. [14, Th. 3.2] . Let he^°°(T) y let 0 < p < °°, and let f be the boundary distribution of F. Define
There are constants B = B(p, h) and B* = B*(p, h), independent of F, such that
(1) and
W^FWrPtf-m £B*\\F\\* 9lU) .
For the next theorem, let L x and L 2 be disjoint closed arcs on the unit circle ϊ 7 , and define V j9 for j -1, 2, to be the union of the unit disc U, its exterior S 2 -U, and the interior (relative to T) of THEOREM 3.3. (Decomposition Theorem We observe that jP y is separately holomorphic in x and y y and hence holomorphic, at all z = (x, y) such that yeY and # is not in the closed support of h ά . In particular,
Since J^ + h 2 = 1, we have
The right-hand term above, the Cauchy representation formula for F y , is 0 if x e S 2 -U and F y (x) = F(x, i/) if x e Z7. This establishes (1) and (2) .
To prove the remainder of the theorem, we assume first that Y is the cartesian product ofn -1 simply connected domains.
Without loss of generality set Y -U n~ι . Let H be the least w-harmonic majorant of |JP| P in U n , and write
The relations (1) for all 0 < r < 1 and w = (f, η) e T x T"-1 . Integrating the above with respect to η, we get (2) (x, 0) and H S 2_ϋ(x, 0) simultaneously have a nontangential boundary value. Call these points ζ' and ζ", and let C be a circle that intersects T precisely at ζ' and ζ". Let a be the center and p the radius of C, we write C = a + pT and let Dj be the disc bounded by a + pT. Since the circle a + pT intersects T nontangentially at ζ' and ζ", there is a constant K such that &, 0) £ K for α? 6 (a + |θΓ) Π ?7, and for x 6 (a + /oϊ 7 ) n (S* -£7"). Hence, for all 0 < r < 1, we have henever ξ 6 T is such that α + f 6 U, and
whenever ξ e T is such that a + pζ e S 2 -U. The inequalities (3.3.1) and (3.3.2) yield, for all 0 < r < 1,
JTJT n~ί
Recalling the definition G(x, y) = F/α + px, y) f and writing w = (£, we obtain IV* The Cech cohomology with coefficients in 3ίfw-Throughout this section 0 < p < 00 will be fixed. We assume n > 1. Our goal is to prove, for any Jordan polydomain W in C n and all integers 9^1, that H*(W, <&%) = 0.
It simplifies matters if we take our coefficients in the presheaf §ίf p rather than in its completion, the sheaf £ίf p . n τr (2) ) ->o, which in turn induces a short exact sequence of graded groups
Since the homomorphisms φ and α/r of (4.2.1) commute with the coboundary operators, the sequence (4.2.1) is a short exact sequence of cochain complexes. As is well known ([4, Th. 3.7, p. 128 (2) x Γ)
such that g(z) = βr (1) (z) + ^( 2) (z) whenever z 6 (i2 x U β 2 ) X Γ.
Proof. Let C x and C 2 be the boundaries of Ω ± and Ω 2 respectively. Consider the disjoint closed arcs L[ j) = C t Π A U) , for i, j = 1, 2. It is clear that Theorem 3.3 remains valid if we replace the unit disc U by the disc Ω x . We apply Theorem 3.3 to Ω 1 x F, the restriction of g to Ω x x F, and the closed arcs L£\ Irg|, to obtain holomorphic functions g [ 1] and #£ 2) , which by Theorem 2.1 are in A (1) x F) and in <ar*(A (2) x Γ) respectively, such that if s e i2j x F, and
Similarly, by applying Theorem 3.3 to Ω 2 x Y, the restriction of g to Ω 2 x F, and the closed arcs Z4 υ , Lf } , we obtain g^ e A (1) x F) and gP< §er*(A w X F), such that
if 2 6 42 2 x F, and
+ gi ά \ for ^ = 1, 2, the lemma is verified. We next prove that the set of buldged annulli is a canonical class for the doubly connected domains in C. LEMMA 
Let A be a doubly connected domain in C. There exists a buldged annulus which is conformally equivalent to A. If A is bounded by two Jorden curves, the conformal equivalence extends to a homeomorphism between the closures.
Proof. Without loss of generality let A be an annulus centered at the origin. To prove the lemma it suffices to show that there exists a buldged annulus with the same modulus as A.
The modulus M{D) of a doubly connected domain D, we recall, is a conformal invariant which in the special case of an annulus of radii a <b reduces to l/2π log b/a. Moreover, two doubly connected regions with the same modulus are necessarily equivalent ([6, Th. 2, p. 208] ).
Let B = B(r u r 2 ; p) be a buldged annulus contained in A. Since B separates the boundaries of A, we must have ([6, Th. 3, p. 209 (W, Sίf 9 ) are trivial. Since a Jordan polydomain is necessarily finitely connected, the theorem will be proven if we verify P(v) for all v e Z+.
Suppose P(JJ) is true for some v e Z+. Fix 1 ^ k ^ n, and denote by v' the ^-tuple define by v\ = v iy if i Φ k, and v' k -v k + 1. We claim that P(i/) is true. Without loss of generality take fc = 1.
TΓe first consider the case v x = 1. Let T7 be an arbitrary z/-connected Jordan polydomain, and write W -B x Y, where B is a doubly connected Jordan domain in C and where FcC 91 " 1 . By Lemma 4.8 there is no loss of generality if we let B a buldged annulus. As in Lemma 4.7, decompose B = B {1) U 5 (2) , with B ω Π B i2) = 0 X U i2 2 . Define TΓ (1) = .B (1) x Y, and T7 (2) = B™ x Γ. We consider the coverings in Ω w that satisfy the following condition: the support \σ\ of any simplex σ is a Jordan polydomain (or the empty set) contained in either W a) or W {2) . Such coverings satisfy the hypotheses of Lemma 4.2; and the collection of them constitutes a cofinal subclass of Ω w . By taking the direct limit of the corresponding Mayer-Vietoris sequences, we obtain the exact sequence ( 2) , £έ? p ) = 0. The exactness of (4.9.1) then establishes IP(ΐF, ^T 2 ') = 0 for all q ^ 1. We next consider the case v 1 > 1. As before, let W be an arbitrary ^'-connected poly domain. Write W= Ix Y, where ΓcC*" 1 , and where X is a domain in C of connectivity ft = u x + 1 which is bounded by an outer contour C k and ft inner contours C Of C l9 , C 4 _ le Let JS be the doubly connected domain bounded by C o and C k , and let A {1) and A (2) be simply connected Jordan domains such that 2) is the disjoint union of two simply connected domains, (3) each contour C l9 C 2 , , C fc _! is entirely contained in either (1) n F (2) . and since W {1) c F (1) , TF (2) cF (2) , it follows that o -> ser*{W) -^-> ^r*(ττ (1) ) Θ ^r'(TF t2) ) -^-> ^r*(TF (1) n TF (2) ) -> o is also exact. We can then disregard the first row of (4. The inductive hypothesis, together with the exactness of (4.9.3), implies H q (W, <%?*) = 0 for all q^l; for T7 (1) and W (2) are Jordan polydomains of connectivity <; v, and W (1) ΓΊ W {2) is the disjoint union of two Jordan polydomains of connectivity <^ v.
We have thus established P(v') in all cases. Since, as was proven in Theorem 4.6, P(v) is true for v = (1,1, , 1) , by the principal of mathematical induction P(v) must also be true for all v 6 Z+. This concludes the proof. , F n e &?*{ W) such that F(z) = fe -αO^^) + ... + («.-a n )F n (z) for all 2 e W. The method of [7] , together with the vanishing of the cohomology of £tf v , gives an affirmative answer when W is a Jordan polydomain. A non cohomological treatment of the Gleason problem for various other functions spaces is given in [1] .
The extension of έ%f
v -functions from hyper surfaces in W. Let S be the zero set of a bounded holomorphic function in U n . In [2] Andreotti and Stoll defined a strictly £έf°°-function to be a function f: S->C for which there exists a covering {U a } of U n , and functions f a e £έf°°(U a f]U n ) and g aβ e 3tr*(JJ a f]U β n U n ) such that (i) f = f a on SnU a
